MATH4010 Functional Analysis

Homework 6 suggested Solution

Question 1. Let X be a Hilbert space and let T : X — X be a bounded
operator. Show that limy_ ||(T"— A)7!|| = 0, where A > [T
Solution:
Let A > ||T||, then (T'— \) is invertible. Note that
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Define S, (A) :== —+ >0 (5 ) , then we have

1
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Since ||T|| < A, the sequence {S,,(\)}, is absolutely convergent, which implies
{Sr(A\)} normly converges in Hirlbert space X. Denote S(\) = limy,_y00 Sn(A),

then it follows from (1) that
(T —=XNS\) =1, ST =X =1.

Thus (T — A\)~! = S(\). Notice that
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Therefore AILII;O (T — \)~Y|| = 0, which follows by AlLIr;o m =0.

Question 2. Using the notation given as in Question (1), let f(t) :=
t" + ap_ 11" + .-+ ait + ag be a complex polynomials. Put f(T) := T™ +
an 1T 14+ a1 T+ apl € L(X).

(i) Show that f(T') is invertible in £(X) if and only if a ¢ o(T) for all roots
a of f. (Hint: use the Fundamental Theorem of Algebra).

(ii) Let f be a polynomial as in Part (). Show that if A\g € o(T), then
7 () € a(F(T)).

Solution:

(i) By Fundamental Theorem of Algebra, f(t) = [];_, (t — aj), where
ai,qz,...,an, € C are roots of f. Hence, we have f(T) = [\, (T'— a;I).
Since X is Hilbert space, a complex number o ¢ o(T) iff (T — «) is linear
isomorphism (see Remark 16.2). Suppose f(T) is invertible, then for any

1<i<n,

I=f0)~" - f(m =1 ] (T =) (T = ail); (2)

I=f(T) f(0)"'=(T~-al) [] '(T—akf)'f(T)fl- (3)

It follows that (T'— o;I) is injective and surjective by (2) and (3), respectively.
Therefore a; ¢ o(T), for 1 <i < n.

Conversely, suppose «; ¢ o(T) for 1 < i < n. Then (T — o;I) is invertible
and (T — oy I)”" € £(X). Notice that

Therefore f(T) is invertible and f(T)~* =[]/, (T — ;1) ".

(ii) Let f be a polynomial as in Part (i) and Ao € o(T). Define g(t) =
f(#) = f(Xo). From 2(i) what has already been proved, we see that ¢(T') is not
invertible. Notice that g(T) = f(T) — f(Ao)I, we have f(\o) € o(f(T)).



